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We generalise Wesson's procedure, whereby vacuum (4 + 1) dimensional eld equations give
rise to (3 + 1) dimensional equations with sources, to arbitrary dimensions. We then employ this
generalisation to relate the usual (3+1) dimensional vacuum eld equations to (2+1) dimensional
eld equations with sources and derive the analogues of the classes of solutions obtained by Ponce de
Leon. This way of viewing lower dimensional gravity theories can be of importance in establishing
a relationship between such theories and the usual 4-dimensional general relativity, as well as giving
a way of producing exact solutions in (2 + 1) dimensions that are naturally related to the vacuum
(3 + 1) dimensional solutions. An outcome of this correspondence, regarding the nature of lower
dimensional gravity, is that the intuitions obtained in (3 + 1) dimensions may not be automatically
transportable to lower dimensions.
We also extend a number of physically motivated solutions studied by Wesson and Ponce de Leon
to (D + 1) dimensions and employ the equivalence between the (D + 1) Kaluza-Klein theories with
emptyD dimensional Brans-Dicke theories (with ! = 0) to throw some light on the solutions derived
by these authors.
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Since the advent of general relativity (GR), the aim of a purely geometrical description of all physical
forces as well as that of a geometrical origin for the matter content of the Universe has been pursued
[5, 7, 15]. A simple and elegant idea in this connection, recently put forward by Wesson, Ponce de Leon







is the Ricci tensor in the 5-dimensional space. They show that equation (1) gives rise to









provided the extra terms related to the fth dimension are appropriately used to dene an energy mo-
mentum tensor T

[18]. Furthermore, it has been shown that for certain cosmological solutions of the
vacuum (4 + 1) eld equations (1), the resulting sources in the (3 + 1) dimensions can be interpreted as
matter with reasonable equations of state [17].
Parallel to these developments, there has recently been a great deal of interest in lower dimensional
gravity theories [3, 9, 11]. The usual motivation for this body of work is that by enormously simplifying
the diculties usually associated with the Einstein eld equations in (3+1) dimensions, such theories can
act as \laboratories" in which models can be more readily constructed to study a number of phenomena,
ranging from quantum gravitational eects [12] and topological defects [6] to black holes [3, 11]. The
hope is that these lower dimensional models are of value in understanding their analogues in (3 + 1)
dimensions.
The problem, however, is that such theories have radically dierent properties to the 4-dimensional
GR, for example, the non-existence of a Newtonian limit [9]. It is therefore not at all clear that intu-
itions obtained from the study of lower dimensional models would be of relevance in 4-dimensional GR.
Similarly, it is not clear that (3 + 1) dimensional intuitions are automatically transportable to (2 + 1)
dimensions. We shall, for example, see that there exist vacuum Einstein solutions in (3 + 1) dimensions
which give rise to solutions in (2+ 1) dimensions with corresponding sources, which on the basis of intu-
itions imported from ordinary gravity could be ruled out as \non-physical". The real physics, however,
takes place in (at least) (3 + 1) dimensions and the notion of physicality of solutions in lower dimensions
can only make sense in relation to the usual (3+1) theory. An important issue is, therefore, to understand
how lower dimensional theories are related to the usual 4-dimensional theory.
Our aims here are threefold:
(i) to generalise the scheme put forward by Wesson et al. for relating the vacuum (D + 1) dimensional
theories to D dimensional theories
1
with sources, and generalising some of the physically motivated
solutions to D dimensions,
(ii) to employ the equivalence between the (D + 1) dimensional Kaluza-Klein theory with the empty
Brans-Dicke theory in D dimensions in order to elucidate some of the solutions derived by Wesson and
others, and
(iii) to employ this scheme as a tool to study the relation between lower dimensional gravity theories and
the usual 4-dimensional vacuum GR, as well as a way of producing new solutions in lower dimensional
gravity theories.
2 D dimensional gravity from (D + 1) dimensions
In this section we generalise the work of Wesson and Ponce de Leon [18] to (D + 1) dimensions. Our
motivation for this extension is twofold. Firstly to justify, mathematically, the analogue of the procedure
1
By D dimensional we mean ((D  1);1) dimensional.
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by Wesson et al in going from (3+ 1) to (2+ 1) dimensions, which will be discussed in section (4) below.
Secondly, our aim is to ultimately consider a generalisation of the scheme of Wesson et al, which would
involve a \cascade" of such steps. There are, however, important dierences here after the rst step and
we shall return to these in a future publication.
To do this we start with the (D+ 1) dimensional source-free Kaluza-Klein eld equations (1) and in

























are in general dependent on the coordinate
x
D














Now proceeding as in [18] and starting from the (D + 1)-dimensional Ricci tensor expressed in terms






















































































































































































































































In this section the Latin and Greek indices run from 0 to D and 0 to (D  1) respectively.
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In this way the (D+1)-dimensional source free Einstein type equations are related to aD dimensional
theory with sources, just as in the 5-dimensional case treated in [18].




= 0) allows us to dene the D dimensional tensor P





























As has already been observed in [18], these equations have the appearence of conservation laws, the full
meaning of which is not clear at the present.
3 D dimensional cosmological solutions
Within the context of the Wesson's scheme (from 5 to 4 dimensions) discussed in section (1), a number
of attempts have been made to construct cosmological solutions in 4 dimensions. In particular, Wesson
and Ponce de Leon [17, 18] have obtained Friedmann-Lema^tre-Robertson-Walker (FLRW) type solutions
with at spatial sections. These cosmological solutions essentially fall into two classes, depending upon
whether or not they possess a Killing vector in their fth dimension.
In this section we present a generalisation of the more physically relevant solutions due to Wesson

















which possesses a Killing vector in its fth dimension. This spacetime has two important features: rstly
it has a shrinking fth dimension with time t, and secondly the 4-dimensional equations it gives rise to













Thus in this sense the the fth dimension \generates" eective sources (with non-zero  and p) and these
in turn act to curve the 4-dimensional spacetime.
It is useful here to emphasise a dierent interpretation of this scheme by recalling that for 5-
dimensional Kaluza-Klein spacetimes with a symmetry group generated by
@
@ 
(implying that the metric





are formally identical to the vacuum Brans-Dicke eld equations in four dimensions with the free param-
eter ! = 0 [8]. Therefore Wesson's solution (14) should correspond to a vacuum FLRW solution of the


















where  is the Brans-Dicke scalar eld, 
0
















We are grateful to the referee for pointing out that this solution was rst found by Belinsky and Khalatnikov [1].
3 D DIMENSIONAL COSMOLOGICAL SOLUTIONS 5
Substituting ! = 0 into (17) gives the Wesson's solution for r =  
1
2
(incidentaly, r = 1 leads to Minkowski
spacetime which by equation (11) give T

= 0). We should note, however, that despite the mathematical
equivalence of the two solutions, the fact that they come from dierent physical theories makes them
conceptually distinct. Indeed the O'Hanlon-Tupper solution represents an empty universe, the curvature
of which is generated by a non-static scalar eld - usually related to the Newtonian constant of gravitation
through   G
 1
[2].
Now in order to generalise solution (14) from (4+1) to (D+1) dimensions, we consider the generalised















































































; A and B are integration constants. An obvious coordinate transformation then allows the




















which clearly shows that for D = 4 the Wesson-O'Hanlon-Tupper metric is recovered. This latter result
may be viewed as a Kasner-like universe in (D + 1) dimensions being compactied to a Friedmann-like
universe in D dimensions for an arbitrary D > 2. In this sense, the compactication property of this
solution is robust with respect to changes in dimensions for all D > 2. Furthermore, it can be easily seen






























which are related by p = =(D   1) (the general D dependent radiative equation of state), where p! 0
as D increases.
Now let us turn our attention to the solutions given by Ponce de Leon [14]. He considers solutions
which depend on the fth coordinate ( ) and by using a method of separation of variables solves the eld
equations to give eight families of solutions. The analogues of these classes of solutions - in the case of
going from four to three dimensions - will be discussed in the next section. Here we will consider only two
4
Again, it was brought to our attention after submitting this paper that an equivlent solution had been discovered in
another context by Sato [16].
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classes of his solutions which are potentially of more physical interest in the context of 4 dimensions.























































where  and  are arbitrary parameters. Now as shown by Ponce de Leon, the solutions (27) and (28)
may be interpreted in 4 dimensions (with  = constant) as de Sitter and FLRW metrics respectively.
However, we should point out that although they are claimed to be independent solutions [14], they in
fact represent the same spacetime in ve dimensions, as both have vanishing curvature. Furthermore,





















































which are also at in (D + 1) dimensions. In D dimensions the metric (29) represents a generalised





(D 1)(D 2). So in this way, one could
say that the cosmological constant (as well as matter) can be viewed as the manifestation of the extra
dimension of spacetime. Similarly, the solution (30) gives rise to a D dimensional universe with energy





































  D   1, resulting in a D dimensional generalisation of Ponce de Leon's result [14].
4 Source free GR and lower gravity theories
As was discussed in section (1), lower dimensional gravity theories have in general radically dierent
properties from the usual 4-dimensional gravity. Furthermore, the notion of what is physical in lower
dimensional gravity is not strictly speaking understood. It is in fact not clear whether such a question can
be answered purely in reference to the lower dimesnional theories themselves. Therefore, any mechanism
that allows a bridge to be established between such theories and the ordinary 4-D gravity is of vital inter-
est. One possible way to proceed is to make sure that the ansatz employed in (2+1)-dimensional studies
have at least some relation to the (3 + 1) Einstein theory, and one way of doing this is to start by con-
centrating on those solutions in (2+ 1) dimensions that are related to their vacuum (3+ 1) dimensional
counterparts via the generalisation of Wesson's procedure given in section (2). Apart from being mathe-
matically possible (shown in section (2)), and having the desirable property of establishing a bridge, we
think this is justied as a possible mechanism, especially in view of the absence (as far as we are aware)
of other physically more suggestive bridges.
Here, as a rst step, we employ this generalisation to derive the analogues of the classes of solutions
obtained by Ponce de Leon [14] in (2 + 1) dimensions. We therefore similarly start by letting the 4-
dimensional vacuum spacetime to be Ricci-at, homogenous and isotropic and for the sake of comparison
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] = 0: (36)
To nd the solutions of (33)-(36) we proceed similarly to Ponce de Leon [14], and assume that the metric
coecients are separable in their arguments, thus
e
a
= N ( )T (t) (37)
e
b
= P ( )S(t) (38)
e
c
=M ( )K(t); (39)
where N;P;M are undened dierentiable functions of  and T; S;K are undened dierentiable func-





















The following analogous classes of solutions to those given by Ponce de Leon [14] were obtained
in (3 + 1) dimensions. The related 3-dimensional metrics can then be obtained from the vacuum 4-
dimensional solutions by assuming  = constant.
(i) Letting S and K to be constants, we nd the following relationships between P ( );M ( ) and




























































 = constant corresponds to the (2 + 1)-dimensional Minkowski metric.
(ii)Assuming P and N to be constants we can again nd relationships between S;K and T of exactly



























which in (2+1) dimensions is the O'Hanlon-Tupper solution (17). The empty (3+1)-dimensional solution
has the interesting property that the fourth coordinate

 will shrink relative to the two space dimensions
x and y as














(iii) Assuming S and P to be constants and rescaling t and  such that T and M become constants,















  FN = 0 (45)
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where F is a constant. For the case F = 0 equations (44) and (45) can be integrated in terms of




















































where  is an arbitrary constant. Solving for N and K in terms of P and S respectively we can write


























































Now proceeding analogously to [14], the following cases arise:
(iv) If  =  
1
2

























































This equation has a solution of the form S(t)  t
 4














































This solution has the interesting property that spatial coordinates x and y contract with increasing t.








, which results in an equation of state
that violates both the strong and dominant energy conditions [10]. This is an example of how vacuum
solutions in (3 + 1) dimensions can induce sources in (2 + 1) dimensions which according to intuitions
derived from the usual (3 + 1) dimensional theory would be termed as \non-physical".
(v) For the case  6=  
1
2




































where  is a nonzero constant. From (55) we nd the following relationship between S(t) and T (t),













































































which upon substitution in eld equation (36) yields the remaining cases as those satisfying the condition
(2  3)(1+ 2)E = 0. As we have already considered the case  =  
1
2



























































































(vi) - (viii) The case where E = 0 follows through exactly as in [14], thus we are left with the three






. The appropriate solutions (which turn out to
































This yields the Robertson-Walker-de Sitter metric, where by setting C = =3 the scale factor can be



































This (3+1) dimensional spacetime leads to a at (2+1)-dimensional model with the density and pressure









































which yields a 3 dimensional FLRW metric with scale factor proportional to t
2=
, where the density and

















). The resulting equation of state, p = (  1), is the
special case of equation (30) in (2+ 1) dimensions. Comparing our results with those obtained by Ponce
de Leon, it can be seen that solutions (i), (ii), and (iii), although dierent in details of the functional
forms of their metric coecients, are qualitatively the same. This is also true of the solutions (vi)-(viii)
which are in fact identical to those obtained by Ponce de Leon. Solutions (iv) and (v) are, however,
dierent. Solution (iv) has the property that the x and y spatial coordinates shrink with increasing t,
while in solution (v) the time coordinate actually shrinks. It is worthwhile mentioning here that although
the solutions (46), (54), (64), (65) and (66) are all at in (3+ 1) dimensions, i.e. they represent the same
Minkowski spacetime, they give rise (via Wesson's scheme) to non-equivalent embeddings which generate
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(2 + 1) spacetimes with dierent extrinsic curvatures.
It is also worth pointing out that Wesson's procedure as employed here provides a simple mechanism
for generating 3-dimensional spaces which have their symmetries induced by the symmetries of the 4-
dimensional space. For example, equation (32) represents a class of line elements with axial symmetry
in four dimensions which generates a class of circularly symmetric spacetimes in 3 dimensions. Finally,
the examples given above were meant to act as an illustration of the idea put forward in this paper. It
would be of interest to consider other embeddings, including further non-at embedding spacetimes.
5 Conclusions
We have generalised the prodedure put forward by Wesson and co-workers for setting up a correspondence
between vacuum 5-dimensional Kaluza-Klein theory with 4-dimensional Einstein theory with sources to
arbitrary dimensions, and applied this generalisation to connect the ordinary vacuum 4-dimensional
gravity with (2+ 1)-dimensional theory with sources. This correspondence between the vacuum Einstein
theory and lower dimensional theories is of potential importance in view of the great deal of eort that
is currently going into the study of lower dimensional theories, and particularly in view of the radical
dierences between such theories and 4-dimensional gravity. Furthermore, this correspondence gives a
mechanism for generating solutions in (2 + 1) dimensions that are naturally related to vacuum Einstein
solutions.
Finally an important question with regards to lower dimensional theories is how to choose \reason-
able" forms of the eld equations and the energy-momentum tensor. Our work shows that vacuum
Einstein solutions may not necessarily correspond to solutions in lower dimensions with reasonable (in
the sense of 4-dimensions) equations of state, which highlights the fact that intuitions regarding physical
reasonableness may not automatically be transportable to lower dimensions.
Further study of this correspondence is in progress and will be reported in future.
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